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Abstract : The constraint equations for the novel scaled boundary finite element method 
in electromagnetics to prevent the spurious modes in the eigen solution, is derived from 
the Maxwell’s divergence equation for the magnetic field and by combining it with the 
scaled boundary transformation of the geometry. 
 
Key words : Scaled boundary finite element method, spurious modes  
 
Introduction :  The scaled boundary finite element method is a novel finite element 
method, and its theory has been recently extended to electromagnetics [1]. This scaled 
boundary finite element approach , was initially developed by Chongmin Song and  
John.P.Wolf [2-14] to successfully solve elastodynamic and allied problems in civil 
engineering.    The advantages of this novel finite element method has already been 
described in detail [1-14].  
One of the crucial aspects to be taken care during the application of the finite 
element methods for analysis is the occurrence of the spurious modes in the finite 
element eigen value equation. In electromagnetics, it has been found that the occurrence 
of these modes is due to the inadequate modeling of the zero divergence of the magnetic 
field [15] . Among the various approaches suggested to avoid these modes in computation, 
it has been established that the use of the tangentially continuous vector finite element 
method greatly reduces the occurrence of these modes [15] .  
__________________________________________ 
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In this situation, it is imperative to derive the conditions for the scaled boundary finite 
element method, so that spurious modes do not occur in the solution.   
 
Theory : Derivation of the constraint equations : 
 
The Maxwell’s divergence equation for the magnetic field is given by, 
 
Div B = 0                                                                     (1) 
 
For the case where µr=1 the above equation can be written as, 
 
Div H =0                                                                      (2) 
 
Rewriting the above equation using the scaled boundary transformation [1],  
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Multiplying both sides of (3) by ξ, 
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 Using the expansions for Hξ  , Hη ,  Hς   
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 Substituting (5) in (4) and grouping the terms involving ξ  and integrating both sides   
with respect to the two circumferential coordinates η and  ζ , 
( ) ( ) ( )  ....(6)   0fkkk
d
df
fkkk
d
df
fkkk
d
df
3987
3
2654
2
1321
1 =++





ξ
ξ+++





ξ
ξ+++





ξ
ξ
 
  The expressions for k1 to k9 are given as follows : 
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 The expressions for (kn ) (i,j)  n= 1 to 9 in (7) are given as follows: 
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          In all the above expressions the upper and lower limits of η and ς  refers to the 
limits of η and ς for a single surface element when the surface integration is performed 
for every element. Also, in all the above expressions(8a-8f), h’ denotes the derivative of h 
with respect to the variable in the curved bracket. The subscripts denote the respective 
component terms of H(ξ,η,ς). 
Expanding the radial functions f1(ξ) , f2(ξ) , f3(ξ) as a power series in ξ as 
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Substituting (7) and (9) in (6) , regrouping like terms of ξ and enforcing the condition on 
the resulting expression that it holds for arbitrary ξ, the following relations can be 
obtained. 
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Since ak , bk, ck are arbitrary , they can be replaced by hξ (i,j) , hη(i,j) , hς(i,j) respectively in 
the same sequence as the h(i,j) coefficients appear in the double summation series. The 
number of unknown coefficients in the double summation series for every single 
component of H is chosen to be equal to the number of unknown coefficients in the 
corresponding radial expansion. This results in the expression of N in terms of m and n 
given above. The effect of this replacement makes the radial expansion also in terms of 
the unknown h(i,j) coefficients. Following this procedure in (10) and using (8), the 
following constraint relations are obtained. 
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where hξ(0,0) , hη(0,0) and hς(0,0) correspond to the unknown h coefficients for i=j=0 for 
Hξ , Hη , Hς respectively . 
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It is important to note that the divergence condition  which in (1) and (2) is a differential 
relation, is now converted into a set of constraint equations on the unknown coefficients 
in (11) suitable for numerical implementation. The constraint equations (11) are to be 
necessarily applied in order to prevent the occurrence of the spurious modes.  
Conclusion : The necessary constraint relations for the scaled boundary finite element 
method for preventing the occurrence of spurious modes is derived , which is suitable for 
numerical implementation. 
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